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Abstract
This article reports on how diagrammatic identities of Yang–Mills theory translate to diagrammatics for pure
gravity. For this, we consider the Einstein–Hilbert action and follow the approach of Capper, Leibbrandt,
and Medrano and expand the inverse metric density around the Minkowski metric. By analogy to Yang–
Mills theory, cancellation identities are constructed for the graviton as well as the ghost vertices up to the
valency of six.
1. Introduction
Ideas and methods from algebraic geometry have been shown to successfully inform our understanding of
perturbative quantum field theory [1, 2, 3, 4, 5, 6, 7, 8, 9]. Most of these mathematical methods utilize the
parametric representation of Feynman rules that is based on two graph polynomials, usually called Kirchhoff
or Symanzik polynomials. In [10] a third graph polynomial has been introduced in order to obtain a manifest
representation of tensorial amplitudes in Yang–Mills theory. This polynomial is called corolla polynomial for
its parameters are indexed by the half-edges of a trivalent graph G. By acting with the corolla polynomial
C(G) as a differential operator on the scalar integrand of G, all contributions of Yang–Mills diagrams are
obtained that can be constructed from G by collapsing some edges that connect two 3-valent vertices or by
turning cycles into ghost cycles (in this case both orientations for each ghost cycle are considered). These two
diagrammatic operations, edge-collapsing and generating ghost cycles, turn out to be useful, because they
constitute two cochain complexes, which are called the gauge and ghost cycle complexes [10, 11]. Crucially,
the physical quantities lie in the kernel of these operations, which is similar to the BRST complex. The exact
relation between BRST and these gauge complexes as well as concrete physical constrains are an interesting
topic of ongoing research.
Aside from that, it has been shown that the representation in terms of graph polynomials can be extended
to the full Standard Model of elementary particle physics [12]. The natural question whether this approach
extends to a quantum theory of gravity remains to be answered. This question, however, is much more
intricate due to the infinite number of gravitational vertices and their algebraic complexity. As a first step
into this direction, the momentum space Feynman rules of gravity have been derived combinatorially for
any valence in [13, 14]. We are approaching this topic by a different angle, namely we are pointing out how
the diagrammatic cancellation identities of Yang–Mills theory translate to quantum gravity when quantized
following Capper, Leibbrandt, and Medrano [15]. The high degree of similarity between Yang–Mills and
gravity ought to allow for a deduction of appropriate cochain maps and their complexes for gravity. We
believe that both such a construction and the constraints, that result form identities reported here, inform
the construction of a corolla polynomial for gravity.
2. Yang–Mills theory
This section reviews the cancellation identities underlying Yang–Mills theory, because the subsequent
construction of gravitational identities will depend on them.
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2.1. Model and conventions
Consider the standard Yang–Mills Lagrangian with a linear covariant gauge fixing
L =LDirac + LYM + Lgf +
1
ξ
Lgh (1)
LDirac = iψ /Dψ, where (Dµ)jk = δjk∂µ − igT
a
jkA
a
µ (2)
LYM = −
1
4
F aµνF
µνa, where F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν (3)
Lgf = −
1
2ξ
(∂µAaµ)(∂
νAaν), Lgh = −(∂
µca)
[
δac∂µ + gf
abcAbµ
]
cc. (4)
Here we mainly follow the conventions of [16] with the exception of an additional factor of 1/ξ in front of
the ghost Lagrangian Lgh. By means of standard quantization procedures and perturbative expansion, the
well-known Feynman rules of this model are readily derived. For the subsequent discussion, we are mainly
concerned with the diagrammatic expressions. The residues (i.e. edges and vertices; see [10, 17]) of this
model read
RYM =
{
, , , , , ,
}
.
(5)
As usual, quarks are represented by straight directed lines, the wavy lines represent gluons and the dashed
directed lines represent the ghosts. For reasons that will be clear later on, we will restrict our attention to
residues without quarks in the following.
2.2. Slavnov–Taylor identities
The enormous phenomenological success of Yang–Mills theories in the high-energy domain is crucially
founded on what is called renormalizability. When understood as necessary for any singularities based in
quantum corrections, renormalizability translates into the famous Slavnov–Tayor identities [18, 19]. For
instance, the respective identity for the 1-particle irreducible 3-point function at first loop order is
=
T
+
T
− − − , (6)
where the blob represents all 1-particle irreducible diagrams. In [20], this identity has not only been derived
by both Hopf-algebraic and diagrammatic methods, but has also been perturbatively verified in dimensional
regularization in the most general momentum setting. Here, it is worth emphasizing that the diagrammatic
technique solely relies on a set of cancellation identities at tree–level, which will be discussed in the following
section.
2.3. Cancellation identities
Most of the cancellation identities shown in this sections go back to the early work of Lautrup and
Cvitanović [21, 22]. Since these will establish the foundation for our subsequent construction of gravity
cancellations, we need to review them in some detail. The first identity relates the gluon propagator to the
ghost propagator
= . (7)
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Here, the black triangle represents a longitudinal contraction of the gluon propagator. To be more precise,
abbreviating the gluon propagator by Dµνab (p) (again we follow the conventions of [16], but drop the addi-
tional superscript 0), the left hand side represents the longitudinal contraction, that is pµD
µν
ab (p). An easy
derivation shows that contracted propagator equals the ghost propagator times the longitudinal contrac-
tion with respect to to the remaining Lorentz index ν, explaining the black triangle on the right. Similar
identities hold for the vertices. A longitudinal contraction of a 3-valent gluon vertex yields
= + + + . (8)
Here, we needed to introduce an auxiliary vertex that is connected by a wavy gluon line, a straight line and
an outgoing ghost line. Labelling the straight and wavy lines with Lorentz indices µ and ν respectively,
the Feynman rule of this auxiliary vertex equals (up to a conventional complex constant) to Minkowski
metric ηµν and a factor of the structure constants. Also note the slashed propagators in the first and third
diagrams that connect a straight to the wavy gluon line. These slashed propagators represent the inverse
of the gluon propagator and result in contractions as utilized in [10]. The other diagrams incorporate the
usual ghost–gluon vertex followed by an ongoing longitudinal contraction. Similarly, one shows the following
identities for the 4-valent vertex.
= − − − . (9)
0 = + + + (10)
Their similarity to Lie algebra cohomology, namely the IHX relation, is not by accident, but due to a
Jacobi identity for the structure constants for the underlying Lie algebra of the gauge group. Finally, the
cancellation of ghost loops is explained by the identity
0 = − + − . (11)
3. Pure gravity
3.1. Motivation
Gravity was shown to be not renormalizable in the traditional sense in the background field gauge
[23, 24, 25] and heat-kernel method [26]. Nonetheless, renormalization is possible when understood as an
3
effective field theory [27, 28] by adding higher derivative terms to the Lagrangian. This situation raises the
question what kind of structure these additional terms obey and how they can be characterized. As a side
remark, insight into these topics might also reveal some hints how an effective quantum theory that contains
gravity has to coupled to standard model physics following the paradigm of anomaly cancellation in order
to construct a renormalizable theory.
Indeed, a technique to tame the divergences was outlined by Kreimer [29]. The idea is best illustrated
in the context of YM: the previously discussed cancellation identities determine the divergent structures at
higher order. As a consequence the divergences can be absorbed by Z-factor rescalings. In a sense, the
identities also tame the divergences; for instance no 5-valent gluon vertex needs to be introduced in the
course of renormalization. In close analogy to the YM identities [30], Kreimer envisioned a Hopf-algebraic
mechanism that is capable of taming the divergences in quantum gravity. This idea condensates to a Ward-
type identity
Xn+1
Xn
=
Xn
Xn−1
n ≥ 3, (12)
where Xn denotes a combinatorial Green’s function with n external gravitons. For further details the reader
is referred to [29, 31, 17]. These ideas serve as a guiding principle and as in the above Ward-type identities
should be based on diagrammatic tree–level identities for the gravitational interactions.
3.2. The model
The most established way to quantize the Einstein–Hilbert action utilizes the back-ground field technique.
Crucially, the metric tensor is decomposed into a combination of a classical backgroundmetric and a quantum
field. The caveat of the approach is that the expansion of the Lagrangian yields a term which only depends
linearly on the quantum metric. In perturbation theory, this term corresponds to a non-interacting source
of the graviton field that results in superfluous complications in Feynman diagrammatic computations.
Therefore, these linear terms are usually removed by somehow artificial subtraction.
Here, we follow a complementary approach that consists in quantizing the so-called tensor density instead
of the metric tensor which goes back to [15]. First, the tensor density g˜ is defined to be the metric tensor
g scaled by the inverse of local coordinate function of the Riemannian volume form. In the following, the
Einstein–Hilbert action is understood as a function of the tensor density rather then the metric. Also, we
choose to quantize the inverse tensor density rather then just the tensor in the customary quantization
procedure. Therefore, the action is perturbatively expanded in terms of the inverse tensor density
g˜µν =
√
−|g|gµν = ηµν + κΦµν (13)
which decomposes into the Minkowski metric η and the quantum, also called graviton, field Φ. As it was
observed in [15], this procedure avoids the tedious source terms of the graviton field; the authors defined a
simplified version of the gauge harmonic gauge fixing and derived an appropriate ghost Lagrangian. In this
work, we will mainly follow their conventions throughout:
iS =i
∫
d4x
(
LEH + Lgf +
1
ξ
Lgh
)
(14)
LEH = −
2
κ2
R
√
−|g|, Lgf = −
1
2ξ
ηνσ(∂µΦ
µν)(∂ρΦ
ρσ), Lgh = cµ∂νD
µνλcλ, (15)
Dµνλ = ηµλ∂ν + κ
[
−(∂λΦµν)− Φµν∂λ + ηµλΦνρ∂ρ + η
νλΦµρ∂ρ
]
. (16)
For a detailed account on the construction of the ghost Lagrangian and derivation of Feynman rules the
reader is referred to [14]. A major advantage of this approach is that the perturbative expansion of the
Einstein–Hilbert Lagrangian is free of linear graviton terms. In addition to that, the Feynman rules of the
propagators and the 3-valent vertex are available in the literature [32] allowing for cross checks of our results.
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In this conventions, the action gives rise to the residues
REH =
{
, , , , , , , . . .
}
,
(17)
where it is worth noting that the expansion of the inverse metric (13) in combination of the simple gauge
fixing ensures that the interaction of graviton and their ghosts is due to a single 3-valent vertex. We
use FORM [33, 34] to expand the action and derive Feynman rules up to the 6-valent graviton vertex.
Technically, our implementation allows for higher orders as well, but we stop at the 6-valent vertex for
practical reasons—these vertices are sufficient for diagrams to two loops.
3.3. Cancellation identities
Subsequently, we take Kreimer’s analogy [29] of gravity and non-abelian gauge theories seriously and try
to identify some underlying diagrammatic mechanism. Here, the above QCD cancellation identities serve as
a guiding principle.
3.3.1. First observation: comparison of the propagators
First, a propagator identity is constructed by following the identity (7). Indeed, we find
= . (18)
Here, the diagrammatics require some explanation. Whereas the gluon propagator has a single Lorentz index
and the black triangle represents the longitudinal contraction of this index with the in-going momentum, the
graviton propagator has two indices. The black triangle is meant to contract the two indices, say µ and ν,
and possesses an out-going ghost line that has a single index, say λ. In these conventions the black triangle
represents (δ
λ
µpν+δ
λ
ν pµ)/2, where p denotes the in-going momentum. On the right hand side of the equation
above, the dashed line represents the (graviton-) ghost propagator in straight analogy to (7) for Yang–Mills.
However, due to the more complicated numerator structure of the graviton propagator, the symmetrized
longitudinal contraction gets modified by propagating through the propagator. The white triangle denotes
this modified contraction and represents the expression (δλµpν + δ
λ
ν pµ − ηµνp
λ). This needs to be carefully
taken into account with dealing with Feynman diagrams with amputated external propagators.
3.3.2. Enforcing the philosophy: the 3-graviton identity
Since the graviton propagator allows for a propagation of the symmetrized longitudinal contraction, it
is natural to ask whether this propagation also aligns with the graviton vertices. Indeed, by implementing
a cancellation identity for each of the graviton vertices, relations between different diagrams and their
divergences are established.
Hence, the next step is to derive a cancellation identity beginning with the 3-valent graviton vertex. It
turns out, that the corresponding cancellation identity of Yang–Mills (9) can been seen as the blueprint
for quantum gravity. After replacement of the gluon by gravitons (and their ghosts respectively), the only
remaining unknown is the auxiliary vertex. It can however be constructed such that the cancellation identity
holds, again in straight analogy to Yang–Mills diagrammatics
= + + + . (19)
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Here, it is worth remarking that the left hand side is a tri-graviton vertex with propagators attached to it,
the white triangle is in accordance with (18), and the slashed edges that consist of a graviton and a straight
half-edge indicate a cancelled graviton propagator. The actual expression for the auxiliary vertex is lengthy
and will be discussed in more detail in future work.
3.3.3. An assessment: the 4-graviton identity
At this stage, higher order cancellation identities will provide further non-trivial conditions to the aux-
iliary vertex constructed above. The 4-valent identity (9) serves as a first test and it translates to
= − − − , (20)
where the auxiliary vertex is determined through (19).
3.3.4. Exercise fine judgment: higher order identities
In contrast to the preceding identities, the cancellation of (9) does not directly translate to gravity.
However, its interpretation that Yang–Mills does not require a 5-valent vertex is also not correct for gravity.
Hence it is reasonable to insert the longitudinal contraction of the 5-valent vertex on the left hand side of
the equation and it turns out that corrects the equation resulting in the identity
= − − − − . (21)
From this identity and (20), it is easy to deduce the pattern for vertices of higher valence: the symmetrized
longitudinal contraction of a graviton vertex of valence (n + 1) yields all terms obtained by attaching the
auxiliary vertex to a graviton vertex of valence n. We explicitly checked this for the 6-valent vertex and
verified
= − − −
− − . (22)
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Finally, we also verified that the ghost cancellation identity of Yang–Mills (11) translates to the gravitation
identity
0 = − + − , (23)
where all all propagators of loose half-edges are considered to be amputated (as indicated due to the white
triangles). We close this section with a table that lists the terms to be cancelled when the right hand side
of an identity is substracted from its left hand side. Here it is worth remarking that we always amputate
propagators of external (i.e. loose) half-edges to avoid a tremendous increase in the number of terms generated
by FORM.
identity #cancelled terms
(18) 35
(19) 3,168
(20) 30,888
(21) 607,488
(22) 12,105,600
(23) 1,536
Note that over 12 million terms have to match up for (22) and checking explicitly that this is the case
non-trivially substantiates our initial approach.
4. Discussion
The cancellation identities of Yang–Mills theory can be translated to identities for pure quantum gravity
in the classical approach by Capper, Leibbrandt, and Medrano [15]. The reason for choosing this setting is
due for its relatively simple gauge (15) that induces only a single ghost-vertex. This allowed us to establish
the identities and success of this approach will serve as a basis for future extensions. In close analogy to
Yang–Mills, the cancellation identity for the 3-graviton vertex determines an auxiliary vertex (19). However,
the generalization of the longitudinal contraction of a graviton propagator requires the introduction of an
additional contraction, which we represented by a white triangle (18). We demonstrated that the cancellation
identities for the 4-graviton as well as the ghost vertex exactly match their Yang–Mills analogues. Also higher
order identities have been constructed by considering longitudinal contracted graviton vertices of that order
(which do not have analogues in Yang–Mills).
Intuitively, it might come as a surprise that exactly those diagrammatic identities which guarantee the
renormalizability of Yang–Mills theory do generalize to gravity. However, the existence of diagrammatic
cancellations seems plausible in the light of [35] and the presence of a BRST invariance and Ward identities
[36, 37, 38]. We do consider the exact mathematical connection of diagrammatics and the BRST cohomology
an exciting topic for further investigation. The cancellation identities derived here open up the possibility to
study the gauge dependence by diagrammatic techniques [39, 40], where it was also empirically observed that
this mechanism applies to more general situations [41, 42, 43]. For gravity, this has potential to determine the
divergences that are of genuine physical significance or to diagrammatically construct generalized Slavnov–
Taylor identities for gravity and to study their self-consistency off-shell as was recently accomplished for
Yang–Mills [20].
Another significance of the demonstrated cancellations stems from the diagrams with cancelled propaga-
tors. In the sense of graph theory, these define an operation on graphs by edge-collapsing. In combination
with the ghost identity, this informs the definition of a gravitational graph and cycle homology as in the
Yang–Mills case [10, 11] and possibly enables the construction of a corolla polynomial for gravity as extension
of [44, 10, 12, 45].
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